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Abstract: The static-exchange model (SEM) and the modified static-exchange model (MSEM) 
recently introduced by Ray [1] is applied to study the elastic collision between two hydrogen-like 
atoms when both are in ground states considering the system as a four-body Coulomb problem in the 
center of mass frame, in which all the Coulomb interaction terms in direct and exchange channels are 
treated exactly. The SEM includes the non-adiabatic short-range effect due to electron-exchange. The 
MSEM added in it, the long-range effect due to induced dynamic dipole polarizabilities between the 
atoms e.g. the Van der Waals interaction. Applying the SEM code in different H-like two-atomic 
systems, a reduced mass ( ) dependence on scattering length is observed. Again applying the MSEM 
code on H(1s)-H(1s) elastic scattering and varying the minimum values of interatomic distance 
0R , 
the dependence of scattering length on the effective interatomic potential consistent with the existing 
physics are observed. Both these basic findings in low and cold energy atomic collision physics are 
quite useful and are being reported for the first time. 
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     The elastic collision between two hydrogen-like atoms is the simplest and the most efficient tool to 
find the basic physics. In the present communication, the H(1s)-H(1s) elastic scattering is studied at  
low or cold energies to derive the s-wave elastic phase shift and the scattering length using the 
recently introduced [1] static-exchange model (SEM) and the modified static-exchange model 
(MSEM). The SEM includes the non-adiabatic short-range effect due to electron-exchange that is 
repulsive in triplet (-) channel. The MSEM includes the long-range effect due to van der Waals 
interaction in addition to the short-range effect introduced by the SEM. The center of mass frame is 
used to describe the four-body Coulomb system. All the Coulomb interaction terms in direct and 
exchange channels are calculated exactly to find the Born-Oppenheimer (BO) matrix elements [2] that 
acts as input to find the unknown SEM amplitude, following a coupled-channel methodology 
introduced by Calcutta Group [3]. The detailed of the theory is available in the literature [1-9]. Here 
Lippman-Schwinger type coupled integral equation in momentum space formalism [3] is used. The 
formally exact Lippman-Schwinger type coupled integral equation for the scattering amplitude in 
momentum space is given by [3]: 
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 where 
B are the well known Born-Oppenheimer (BO) scattering amplitude [2] in the singlet (+) and 
triplet (-) channels respectively.  Accordingly 
f  indicate the unknown SEM scattering amplitudes 
for the singlet and triplet states of the two system electrons.  
 
    The present interest lays on triplet channel to find the basic physics of cold-atomic system. 
The BO amplitude for the triplet channel is defined as 
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represent the Coulomb interaction:  DirectV  is for the direct channel and ExchangeV  is 
for the exchange or rearrangement channel;   is the reduced mass of the system. R

 is the inter-
nuclear separation and 1r

, 2r

 are the coordinates of two electrons from their corresponding nuclei 
with charges  +Z1  and +Z2  in a.u. so that   
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       The initial and final state wavefunctions are defined respectively as  
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)( 11 rs  and )( 21 rs are two atomic wavefunctions and 12P  is the exchange or antisymmetry operator. 
R
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 represent the CM-coordinates of the system in the direct channel so that               
                                     
21 r
mm
m
r
mm
m
RR
eB
e
eA
e 



                                                   (8); 
 3 
 
when Am , Bm  are the masses of two positrons and em is the electron mass.The CM-coordinates of 
the system in the rearrangement channel is defined by fR

 and can be expressed as 
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The long-range matrix element due to van der Waals interaction that is added to BO amplitude in 
MSEM theory is 
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     (10), 
when WC  is the van der Waals coefficient [10] and 0R  is the minimum value of the interatomic 
distance. The s-wave elastic triplet phase shift and the corresponding scattering length are calculated 
following the standard procedure described in references [1-9].  
   
      The H-like two atomic systems of  interests to study the reduced mass dependence of scattering 
lengths using the SEM code are the (i) Muonium (Mu) and Mu, (ii) Mu and H, (iii) Mu and 
Deuterium (D), (iv) Mu and Tritium (T), (v) H and H, (vi) H and D, (vii) H and T, (viii) D and D, (ix) 
D and T and (x) T and T. The reduced masses (  ) of these systems  in atomic units are respectively 
(i)  103.9, (ii)  186.7, (iii)  196.7, (iv)  200.2, (v)  918.5, (vi)  1224.5,  (vii) 
 1377.6,  (viii)  1836.5,  (ix)  2203.7,  (x)  2754.5. To vary the strength of van der 
Waals interaction in the MSEM code for H(1s)-H(1s) elastic scattering, the values of 0R  are varied 
from 02a  to 020a  to study the s-wave elastic phase shifts. Since two atoms cannot occupy the same 
space at a time, the minimum value of interatomic distance is chosen as 02a .  
       
    Both the codes [1] are used to calculate the triplet (-) s-wave elastic phase shift (

0 ) and 
corresponding cross section in the energy region with  k = .1, .2, .3, .4, .5, .6, .7, .8, .9  a.u. The 
variation of 

0cotk  vs 
2k  following the effective range theory for the values of 0R = 02a , 03a , 
04a , 05a , 06a , 07a , 08a , 09a , 010a , 011a , 012a , 015a , 020a  are presented in Figure 1.  All the 
MSEM curves are made in solid lines; the bottom one is the MSEM data using 00 2aR   and the top 
solid curve is for 00 20aR  . The dotted line is used to represent the SEM data [5].  All the curves 
are gradually laying upwards systematically as the value of 0R  gradually increased from 02a  to 
020a ;  at 00 20aR  , the MSEM curve almost coincide with the SEM curve (dotted line) indicating 
almost no contribution of long-range effect. The triplet scattering lengths corresponding to different 
values of 0R  are presented in Table 1 and compared with the SEM data and other available data [11-
15]. The MSEM data are improving gradually towards the reported scattering lengths as the strength 
of van der Waals interaction is increased gradually decreasing the value of 0R . The findings are 
consistent with the basic physics since the stronger attractive potentials cause the shorter scattering 
lengths and the stronger repulsive potentials cause the longer scattering lengths [16]. The long-range 
van der Waals interaction is always attractive. In addition, the larger reduced masses of the system 
make the interaction stronger [16].     
 
      The 

0cotk  vs 
2k  plot for H-like two-atomic systems with different reduced masses is 
presented in Figure 2. All the curves are made in solid lines: the bottom one is for the Mu-Mu system 
with reduced mass  103.9 a.u. and top one for T-T system with the reduced mass  2754.5 a.u. 
All the other curves lay gradually above the other with the gradual increase of reduced masses. An 
interesting and systematic resemblance are observed between the reduced mass and the scattering 
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length of the system. The variation of the calculated scattering length with the corresponding reduced 
mass of the system are presented in Table 2. In Ps-Ps system  1 and the triplet scattering length is 
3.25 a.u. using the present code [6]. The findings are consistent with the basic physics [16] because 
the static-exchange potential in triplet channel is repulsive and the larger reduced mass makes the 
interaction stronger.  So accordingly the scattering length is gradually increasing with the increase of 
reduced mass of the system. 
 
      It should be noted again that the present SEM theory includes only the non-adiabatic short-range 
effects and there is no contribution of long-range interaction in it. But at low and cold energies, the 
long-range van der Waals interaction has an important role in addition to short-range non-adiabatic 
effects. So inclusion of both these effects are extremely useful to describe the cold energy atomic 
collision processes. It could provide better informations if it becomes possible to include the van der 
Waals interaction in all the systems with different reduced masses. However in the literature no data 
are available for the van der Waals coefficients to study the H-like two-atomic systems described 
here. The data using the appropriate values of the van der Waals coefficients for different two-atomic 
systems in MSEM code could explain more accurately the unexplained findings like the electron-like 
behaviour of Ps [17], the occurrence of Bose-Einstein condensation (BEC) [18] in Rb85 - Rb85 system 
with  78048.5 a.u. It should be noted that in electron-atom  and  positronium-atom collision, the 
system reduced masses are almost equal; as the atoms become heavier, the two reduced masses 
exactly coincide. Again the reduced masses of  Rb87 - Rb87 system is  79884.5 a.u. and for Rb85  -  
Rb87 system is  78955.8 a.u., both are greater than the reduced mass of  Rb85 - Rb85 system. It 
would be extremely useful to include the first excited 2s and 2p states of both the atoms in the 
coupled-channel methodology for more accurate data; indeed it is very difficult and extremely 
labourious job. On the other way,  it would be useful to introduce the first excited 2s state of both the 
atoms following the coupled-channel methodology in the MSEM code to include the majority of the 
non-adiabatic short-range effects.   
 
     In conclusion we report for the first time the reduced mass dependence of scattering length in two-
atomic collision at low and cold energies. Using the SEM theory in H-like two-atomic systems with 
reduced masses laying in the range 103.9 to 2754.4 a.u., it is observed that with the increase of 
reduced mass of the system, the scattering length increases almost proportionately. Again applying the 
MSEM theory in H(1s)-H(1s) elastic scattering, the variation of scattering length with the strength of 
attractive van der Waals interaction that is consistent with the existing physics, is observed. The most 
accurate calculation using the methods described above could provide more accurate informations.  
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Figure 1. The 

0cotk   vs  
2k  plot  for H(1s)-H(1s) elastic scattering using SEM and MSEM code 
for 0R = 02a , 03a , 04a , 05a , 06a , 07a , 08a , 09a , 010a , 011a , 012a , 015a , 020a  .  
 
Table 1. The scattering length in atomic units using SEM and MSEM for different values of 0R  in 
H(1s)-H(1s) elastic scattering. 
 
Scattering   length   in   atomic   unit   (a.u.) 
 
 
Using 
SEM 
Using  MSEM  with  0R  =  Data  
of  
others  
 
020a   015a   012a   011a   010a    09a     08a    07a     06a     05a      04a    03a     02a   
 
5.88, 
 
5.90
a 
 
 
5.80 
 
5.68 
 
5.26 
 
5.11 
 
4.89 
 
4.63 
 
4.38 
 
4.03 
 
3.77 
 
3.68 
 
3.63 
 
3.60 
 
3.58 
2.04
a
, 
1.91
b
, 
1.22
c
, 
1.34
d
, 
1.3
e
 
a
Sen, Chakraborty and Ghosh [11]; 
b
Jamieson, Dalgarno and Yukich [12]; 
c
Jamieson and Dalgarno [13]; 
d
Williams and Julienne [14]; 
e
Koyama and Baird [15]. 
 7 
 
 
 
Figure 2. 

0cotk  vs 
2k  curve for different H-like two-atomic systems. The reduced masses of the 
systems are increasing gradually from bottom to top solid curves. 
 
Table 2. The variation of triplet scattering length with reduced mass of different H-like two-atomic 
systems. 
 
 
System  
       
 
Mu-
Mu 
  
Mu-H 
 
Mu-D 
 
Mu-T 
 
H-H 
 
H-D 
 
H-T 
 
D-D 
 
D-T 
 
T-T 
Reduced 
mass   
in   a.u. 
 
103.9 
 
186.7 
 
196.7 
 
200.2 
 
918.5 
 
1224.5 
 
1377.6 
 
1836.5 
 
2203.7 
 
2754.5 
Scattering 
length  
 in  a.u. 
 
4.54 
 
4.76 
 
4.88 
 
4.95 
 
5.88 
 
6.25 
 
6.37 
 
6.58 
 
6.68 
 
6.90 
 
